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Abstract: The present work provides a novel method for calculating vertical velocity based on continuity equations in a
pressure coordinate system. The method overcomes the disadvantage of accumulation of calculating errors of horizontal
divergence in current kinematics methods during the integration for calculating vertical velocity, and consequently
avoids its subsequent correction. In addition, through modifications of the continuity equations, it shows that the
vorticity of the vertical shear vector (VVSV) is proportional to -ω, the vertical velocity in p coordinates. Furthermore, if
the change of ω in the horizontal direction is neglected, the vorticity of the horizontal vorticity vector is proportional to
-ω. When ω is under a fluctuating state in the vertical direction, the updraft occurs when the vector of horizontal
vorticity rotates counterclockwise; the downdraft occurs when rotating clockwise. The validation result indicates that the
present method is generally better than the vertical velocity calculated by the ω equation using the wet Q-vector
divergence as a forcing term, and the vertical velocity calculated by utilizing the kinematics method is followed by the
O'Brien method for correction. The plus-minus sign of the vertical velocity obtained with this method is not correlated
with the intensity of dBZ, but the absolute error increases when dBZ is >=40. This method demonstrates that it is a
good reflection of the direction of the vertical velocity.
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1 INTRODUCTION

The studies on vertical movement could date back
to 1940s (Panofsky[1]; Graham[2]; Ballemy[3]; Bannon [4]).
The studies of the 1950s-1960s witnessed the thorough
investigation on the adaptation when meteorologists be-
came aware of the importance of the vertical movement
by identifying the correlation between the dispersion of
gravity wave and the convergence/divergence of wind
field during adaptation processes. To date, three major
methods for calculating the vertical movement have
been proposed: kinematics method, solving ω equation,
and thermodynamic method (Panofsky [5]; Petterssen [6];

Haltiner et al.[7] ; Lv et al.[8]).
The kinematics method, deemed as one of the sim-

plest and the most straightforward methods to solve the
vertical movement, solves the vertical movement veloci-
ty through continuity equations in pressure coordinates.
Since the accumulated errors in this method are rela-
tively large, several correctional methods have been in-
troduced (O'Brien [9]; Lateef [10]; Fankhauser [11]; Smith [12]),
with the O’Brien method as the most popular one.

As for the ω equation approach, two types of clas-
sical ω equations are usually involved: the quasi-
geostrophic ω equation and the balance-mode ω equa-
tion. Among the various forcing factors of the ω equa-
tion are the differential term on vorticity advection and
the Laplacian terms on temperature advection, which
are considered to cause the vertical movement of the at-
mosphere. However, it is usually difficult to qualitative-
ly determine the direction of the vertical movement
when the signs of the two abovementioned terms are
opposite. That is to say, it is assumed that the differen-
tial term on vorticity advection is positive, the Laplacian
term on temperature advection is negative, then the for-
mer will cause the upward movement, the downward
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movement caused by the later. Therefore, in the absence
of quantitative calculation, it is hard to determine the
interaction is upward movement or downward move-
ment. This, along with that a partial offset effect also
exists between the two terms, have rendered the use of
the traditional ω equation on both quantitative calcula-
tion and qualitative applications less desirable. In this
regard, Hoskins proposed to turn the quasi-geostrophic
forcing term into a vector divergence, and named it
Q-vector (Hoskins et al.[13]). The new ω equation, incor-
porating the Q-vector divergence as the forcing term,
has advantages over the traditional approach of includ-
ing the effects mentioned with one forcing and of
Q-vector to be easily solved and even manually estimat-
ed. Following the initial Q-vector modification, other
Q-vectors, including general Q-vector, semi-geostrophic
Q-vector, ageostrophic dry Q-vector and ageostrophic
wet Q-vector. have been further proposed and tested,
with satisfactory results (Yue and Shou[14]).

The thermodynamic method is an alternative ap-
proach to calculate the vertical velocity through the use
of the thermodynamic equation. However, this method
requires several preconditions, including the variability
of the potential temperature and that it has to be at the
upper troposphere. Moreover, the potential temperature
equilibrium may also cause a relatively large error.

There are also other diagnostic methods to calcu-
late the vertical velocity, including the inverse calcula-
tion from precipitation, derivation from topography, and
the inverse calculation of vertical movement from radar
echoes (Larsen and Rottger [15]; Jagannadha et al. [16]).
However, the inverse calculation from precipitation and
derivation from topography suffer the limited applica-
tions due to the fact that the vertical velocity can only
be calculated under specific conditions. And the inverse
calculation of vertical movement from radar echoes, one
of the most widely applied methods in recent years,
partly due to the availability of more data from satel-
lites, is still far from perfect due to certain bias in infor-
mation retrieved from satellite data.

A large body of studies have shown that the envi-
ronmental wind vertical shear plays an important role in
maintaining severe local convective storm by affecting
the type, movement, and dynamic character of the con-
vective storm. Generally speaking, the supercell storm
has the strongest wind vertical shear, whereas the nor-
mal single-cell storm is the weakest, and the shear of
the multi-cell storm lies in between. Many field obser-
vations have revealed that almost all single-cell and
multi-cell storms occur with strong wind shear (Brown-
ing and Foote[17]; Fankhauser[18]). Marwitz[19] noticed that
a supercell storm generally occurs at a wind shear speed
of from 2.5·10-3 to 4.5·10-3s-1. In studying the influence
of vertical distribution on vertical movement field dur
ing a diabatic heating process, Pan and Chen[20] found that
the vertical velocity would generally increase when the
parameter of zonal wind vertical shear speed increases.

Wu et al. [21] found that different vertical wind shears
have different effects on the development and evolve
ment of convective storms. Further, Yang and Jian[22] pro-
posed that there is a certain mutual adaptation between
the vertical movement field and vertical shear field by
researching the developments and roles of the vertical
wind shear in convective storms. It can be summarized
from the report above that there is an undoubted rela-
tionship between vertical wind shear and vertical move-
ment. However, all the aforementioned studies only
showed observational understandings of the roles of ver-
tical wind shear in the development of convective
storms and the relationship between vertical wind shear
and vertical movement, and we are still in lack of the
theoretical relationship between the vertical shear and
vertical velocity. To address this issue, the present
work, for the first time, reports the theoretical relation-
ship between vertical wind shear and vertical movement
based on continuity equations in pressure coordinates,
and proposes a novel method for calculating the vertical
velocity by applying this correlation.

2 RELATIONSHIP BETWEEN HORIZONTAL
VORTICITY AND VERTICAL MOVEMENT

2.1 Relationship between mesoscale system and hydro-
static equilibrium

An atmospheric circulation contains kinematic sys-
tems of various scales, from turbulent micelle to super-
long wave. The physical properties of kinematic systems
of different scales are quite different. For the conve-
nience of our research they should be classified. There
are various classification methods for kinematic sys-
tems. According to the comprehensive analysis results
of observation and theory, Orlanski[23] proposed a detailed
scales division scheme which was widely used. Accord-
ing to his scheme, weather systems can roughly be di-
vided into three categories, i.e., the large scale, the
mesoscale and the small scale. The large scale systems
can be sub-grouped into two categories: α and β. The
mesoscale and small scale systems can be classified into
three types, respectively: α, β and γ. In accordance with
this classification method, the mesoscale is a wide range
(i.e., 2 to 2 000 km) category which includes small sys-
tems (such as thunderstorm cell, etc) and big systems
that are usually called weather systems (such as fronts,
typhoons, hurricanes, etc). Its main components are sys-
tems from 20 to 200 km, namely the β mesoscale sys-
tems. The β mesoscale systems have the typical features
of mesoscale systems. An analysis of the relative impor-
tance for the Coriolis force and buoyancy shows that the
large mesoscale movement can be quasi-geostrophic and
quasi-hydrostatic balanced movement while the small
mesoscale movement can be ageostrophic and non-hy-
drostatic balanced movement. At the same time, the
typical mesoscale movement may be ageostrophic and
quasi-hydrostatic balanced movement. According to the
scale analysis method (Charney [24]), taking the order of

209

C M Y K



Journal of Tropical Meteorology Vol.22

magnitude of horizontal wind speed as V~10 m/s, the
order of magnitude of vertical scale as H~ 104 km, for
α, β and γ mesoscale systems, the order of magnitude
of vertical velocity is 10-1, 100, 101 m/s, respectively.
The order of magnitude of each term of the vertical
movement equation for the α, β and γ mesoscale sys-
tems at a certain latitude can be estimated through the
above characteristic scale. Taking β mesoscale as an ex-
ample, the vertical movement is

dw
dt =- 1

ρ
坠p
坠z +2Ωu cosφ-g+Fz

and the scale of each term is VW
L , P0

ρH , f0V, g, and

νW
H2 , respectively, and the order of magnitude is 10-3,

10, 10-3, 10, and 10-12, respectively.
For simplicity, assuming that the system center is

located at latitude where φ=450, hence f0艿10-4s-1. Be-
cause the pressure decreases by about one order of
magnitude from the ground to the troposphere, the scale
of the vertical pressure gradient is set as P0/H, where P0

is the pressure at the ground. In addition, the order of
magnitude of ρ is set as 1 kg/m3. ν is the kinematic vis-
cosity coefficient. ν艿10-5m2/s. g is the acceleration of
gravity. Ω is the angular velocity of earth rotation.

It can be seen that the hydrostatic equilibrium is
basically existent within the scope of the mesoscale.
Even in the γ mesoscale, the order of magnitude of
dw
dt can only reach 10-1m/s2, which basically meet the

need of the hydrostatic equilibrium. Therefore, except

for the very small scale systems, such as tornadoes and
deep convection, which may not be able to fully satisfy
the hydrostatic equilibrium conditions, hydrostatic equi-
librium relationship can be applied to most of the
weather systems of different scales. Currently, most
scholars also believe that the β mesoscale system satis-
fies the quasi-hydrostatic equilibrium conditions.
2.2 Deduction of principle of relationship between hori-
zontal vorticity and vertical movement

To avoid the accumulation of errors due to the in-
tegration of divergences in the kinematics method, a
novel method for calculating vertical velocity using con-
tinuity equations has been proposed.

The continuity equation in p coordinates is ex-
pressed as

(1)

Take partial derivative of Eq.(1) with respect to p
and obtain

(2)

And the three-dimensional vorticity in z coordi-
nates is

(3)

Hence, the horizontal vorticity in z coordinates can
be written as

(4)

The gradient of vertical velocity in the horizontal
direction is denoted as ▽w= （ 坠w

坠x
， 坠w
坠y

） . For the updraft,

▽w points to the center of the vertical movement; for
the downdraft, ▽w points to the edge of the vertical
movement. Meanwhile,

(5)

Therefore, according to the right-hand rule of cross
product, vector （ξx1，ξy1） rotates counterclockwise in the
area of updraft but clockwise in the area of downdraft.
This phenomenon exists in both the hydrostatic
equilibrium and the non-hydrostatic equilibrium
conditions.

Meanwhile, according to the P-Z coordinate trans-
formation based on the hydrostatic equilibrium relation-
ship and the state equation, it can be obtained that

(6)

Therefore, the expression of the horizontal vorticity

is

(7)

wherein ξx2 and ξy2 are the component in the i and j di-
rection of the horizontal vorticity, respectively. The fol-
lowing can be obtained from Eq.(7):

(8)

The last term in Eq. (3) represents the rotation of
horizontal wind velocity （u,v） in the horizontal direc-
tion. The vorticity has a plus sign when horizontal wind
velocity rotates counterclockwise, and a minus sign
when the said velocity rotates clockwise. Therefore, 坠v

坠p
in Eq. (2) is equivalent to the u component of vertical
vorticity in Eq.(3), - 坠u

坠p is equivalent to the v compo-

nent, and the left-hand side of Eq.(2) can be considered

as the rotation of vertical shear （ 坠v坠p
，- 坠u坠p

） of horizon-
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tal wind in the horizontal direction. Since the only dif-
ference between （ 坠v

坠p
，- 坠u

坠p
） and （ξx2，ξy2）= （ pg

RT
·

坠v
坠p

，- pg
RT

·坠u
坠p

） is one factor pg
RT , the horizontal

vorticity （ξx2，ξy2） has the same rotation with the vertical

shear （ 坠v坠p
，- 坠u

坠p
） of horizontal wind in the horizontal

direction. Furthermore, when ω field is under fluctuating
state, 坠2ω

坠p2 ∞-ω. Therefore, the present article obtained

t he following relationship of horizontal vorticity and
vertical movement: when the horizontal vorticity
（ 坠v
坠p

，- 坠u坠p
） vector rotates counterclockwise, the vector

has a plus sign, then ω＜0, accompanying the occurrence
of an updraft; when the horizontal vorticity（ 坠v坠p

，- 坠u
坠p

）

vector rotates clockwise, the vector has a minus sign,
then ω＞0 , and a downdraft exists. The 200 hPa vec-
tor-graphs of （ 坠v

坠p
，- 坠u

坠p
） at 13:00 on 19 June 2010

calculated via WRF output fields are shown in Fig. 1.
The shadowed area represents the vertical velocity ob-
tained from WRF output fields. The data of vertical ve-
locity is transformed through ω≈-ρgw, thus the unit is
Pa s-1. The shadowed part denotes either an updraft or a
downdraft. It can be seen that the horizontal vorticity
vector rotates counterclockwise at the negative value
center, and rotates clockwise at the positive value cen-
ter.

The above analysis indicates that both （ξx1，ξy1） and
（ξx2，ξy2） rotate counterclockwise when it is updraft. Ac-

cordingly, the horizontal vorticity （ξx，ξy） also rotates
counterclockwise. Both （ξx1，ξy1） and （ξx2，ξy2） rotate
clockwise when it is downdraft. For that reason, the
horizontal vorticity （ξx，ξy） also rotates clockwise. In
general, however, a closed circulation of vector（ξx2，ξy2）
can form only when the vertical velocity is near its ex-
tremum area in the vertical direction, while a closed cir-
culation of vector（ξx1，ξy1） can form as long as it is near
the center of the vertical movement in the horizontal di-
rection. According to the scale analysis, the vertical ve-
locity is much smaller than the horizontal velocity with-
in the scope of α ～ β mesoscale, i.e., the effect of （ξx1，
ξy1） is far smaller than（ξx2，ξy2） .（ξx1，ξy1） is more impor-
tant than （ξx2，ξy2） only when the horizontal shear of the
vertical velocity is far greater than the vertical shear of
the horizontal wind (in small scale or γ mesoscale sys-
tems), such as in the conceptual model of microburst
proposed by Fujita[25].
2.3 Calculation of vertical velocity

As described above, the vertical shear（ 坠v坠p
，- 坠u

坠p
）

of the horizontal wind and the horizontal vorticity
（ξx2，ξy2） have the same rotation direction in horizontal
direction. For the convenience of the descriptions below,

we call 坠
坠x

（- 坠u
坠p

）- 坠
坠y

（ 坠v
坠p

） the vorticity of the hori-

zontal vorticity and label it as ξ, i. e., Eq.(2) is the Pois-
son's equation. The vertical velocity can be obtained
through solving Eq. (2) by iteration using relaxation
method.

3 VALIDATION ASSESSMENT

We herein analyze the reliability as well as the
pros and cons of this new method by comparing the
vertical velocity obtained in this work through solving
equation Eq.(2) with ω calculated using the other three
methods. The ω (as the unit of vertical velocity obtained
from the output of WRF is m/s, the data is transformed
through ω≈-ρgw. Except for the contrary sign to w,
there is only numerical error for the vertical velocity in
p coordinates obtained through this transformation) ob-
tained from the output of the non-hydrostatic equilibri-
um mode of WRF is herein labeled as ωwrf. The correct-
ed vertical velocity through kinematics method and
O'Brien method, calculated using the horizontal wind
velocity u and v obtained from the model output is la-
beled as ωob. The vertical velocity solved from the ω e-
quation using wet Q-vector divergence as forcing term
is labeled as ωqv (Gao [26]). The ω equation using wet
Q-vector divergence used in this article is as follows.

(9)

wherein,σ = -h 坠θ坠p
，h = R

P
（ P

1000
） R/Cp, f is the Coriolis

parameter.

Figure 1. Vectorgraph of horizontal wind vertical shear
（ 坠v
坠p

，- 坠u
坠p

） at 200 hPa (Units: 10-3 m s-1 Pa-1). The shadowed

area represents the vertical velocity (Unit: Pa s-1).
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where the -2▽·Q* at the right-hand side of Eq.(9) can
be solved by taking ωwrf into Eqs.(10) and (11), and the
vertical velocity ωqv can be obtained iteratively using the
relaxation method.

The initial data for running WRF mode were 1°×1°
6-hour global final analysis data (FNL) from the Nation-
al Centers for Environmental Prediction (NCEP) and the
National Center for Atmospheric Research (NCAR).
The model utilized a triple nested simulation method
over the [20°N, 40°N; 101°E, 124°E] region on a 444×
396 grid with a grid interval of 4 km. The model simu-
lated deep convection and rainstorm in a MCC from
0000 Universal Time Coordinate (UTC) 19 June to

1200 UTC 20 June 2010. For the distribution of radar e-
cho in Fig.2, it can be seen that although the simulated
echo (Fig.2a) is further south than the observed one
(Fig.2b), the simulated echo orientation agrees well with
the actual orientation, both with the northeast-southwest
direction; and the temporal evolution of the simulated e-
cho agrees well with that of the actual echo, both mov-
ing to the south of Guangxi and stretching toward its
northwest; and the strength of the multiple strong echo
centers of the simulated echo belt is also consistent with
that of the radar echo. Therefore, the output result of
this simulation can serve as a comparison basis for the
assessment of this work.

（ 10）

（ 11）

Figure 2. (a) Simulated and (b) observed radar echo distributions from 1000 UTC on 19 June to 1600 UTC on 19 June 2010 (U-
nits: dBZ).

Figure 3 shows the temporal evolution of the
strongest upward and downward draft of each level. It
can be seen that the strongest vertical movement occurs
between 1000 UTC and 1600 UTC 19 June 2010. The
strongest updraft velocity is more than 30 m/s at rough-
ly 200 hPa; the strongest downdraft has two centers,
one near 200 hPa, the other in proximity of 700 hPa;
the maximum downdraft velocity reaches approximately
10 m/s. It shows that this process has obvious
mesoscale features. It needs further verification to deter-
mine whether the vertical movement with mesoscale
features can be solved with Eq.(2).

Figure 4 shows the vertical velocity fields at 1300
UTC on 19 June 2010 at varying levels obtained with
the four methods. It can be seen from the figure that
each field has an overall good consistency. Specifically,
at the middle level (Figs.4 (a2, b2, c2, and d2)), the ver-

tical movements obtained with each method are surpris-
ingly similar, whereas a remarkable difference can be
observed between the ωqv and other vertical velocity
fields at the low and high levels. However, the positions
of positive and negative zones and central intensities of
the ωqv are much close to those obtained with other
methods, and therefore, the comparisons of orientation
consistency and absolute errors can be performed. The
vertical velocity (ωwrf) in WRF is obtained by consider-
ing influences of factors such as non-hydrostatic equilib-
rium, various forms of water vapor and friction force.
Therefore, the vertical velocity calculated with this
method is more reasonable as compared to that obtained
through other quasi-hydrostatic equilibrium-based meth-
ods, thus justifying our comparison of the vertical veloc-
ities obtained through the other three methods to the
ωwrf.
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Next, we will assess the validation of the method
disclosed herein in two aspects. First, we will validate
the method by separately assessing the plus-minus con-
sistency percentage ratio between the vertical velocities
calculated with the three methods and the vertical ve-
locity obtained from the WRF diagnosis. Second, we are
to validate the method by assessing the absolute errors
between the vertical velocities calculated with the three
methods and the vertical velocity obtained from the
WRF diagnosis.

3.1 Plus-minus consistency assessment
To validate the method by assessing the plus-minus

consistency between the vertical velocities calculated
with the three methods and the vertical velocity ob-
tained from the WRF diagnosis, the percentage ratios of
the coverage of the amount of grid blocks, which are
plus-minus consistency between the vertical velocity
calculated with each method and the vertical velocity
obtained from the WRF diagnosis, to the total amount
of plus-minus grid blocks within simulation region were

Figure 3. Temporal evolution of the strongest updraft (a) and the strongest downdraft (b) at each level (Units: m s-1).

Figure 4. 200, 500 and 800 hPa ω fields (a1-a3), ωob fields (b1-b3), ωwrf fields (c1-c3), and ωqv field (d1-d3). Units: Pa s-1.
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compared, in order to objectively demonstrate the ability
of this method on vertical velocity calculation. The ex-
pression is shown below.

GP=∑Gi /∑Gwrfi×100% (12)
wherein ∑Gi is the total amount of grid blocks plus-mi-
nus consistency between any method and ωwrf within the
same space, and ∑Gwrfi is the total amount of plus-mi-
nus grid blocks in ωwrf.

To better illustrate the plus-minus consistency be-
tween the vertical velocities obtained with three meth-
ods and the vertical velocity from WRF diagnosis, and
to determine whether there were differences between
the consistency percentage ratios from strong and weak
convective zones within the same level, the simulation
region was therefore divided into areas according to
dBZ intensity, and the plus-minus consistency was then
calculated for each area. This article divided the dBZ
into the following intervals (0,10] (i. e., 0<dBZ≤10,
hereinafter the same), (10,20], (20,30], (30,40] , (40,∞).

Figure 5 is the GP of ω, ωob and ωqv at each inte-
gral time and within each dBZ range. In this figure,
within 0-10 dBZ range (Fig.5a), the plus-minus consis-
tency at 850 hPa was approximately 80%, 550 hPa had
less variance and had a plus-minus consistency of ap-
proximately 75%, and the plus-minus consistency at 250
hPa was approximately 85%; within 10-20 dBZ range
(Fig.5b), the consistencies at 850 and 550 hPa were
similar to those of within the 0-10 dBZ range. However,
on average, the consistency at high levels increased to
approximately 95%. As dBZ increased, there were also
increases of plus-minus consistency at high levels (Fig.
5c-e) and consistency at middle levels, and there was

also a slight increase of consistency at low levels,
wherein within the range of more than 40 dBZ, the con-
sistencies were generally maintained at over 80% at low
levels, over 90% at middle levels, and almost 100% at
high levels.

In Fig.5a1-e1, the GP variation trends of ωob at
each dBZ range and at 850 hPa, 550 hPa and 250 hPa
level were generally consistent with those in Fig. 5
(a-e). However, the GP of ωob at each dBZ range was
lower than the corresponding GP of ω at each dBZ
range at 250 hPa level, and the GP of ωob at each dBZ
range was slightly lower than the GP of ω at each dBZ
range at the 850 and 550 hPa levels.

For the GP variation trends of ωqv at each dBZ
range and at 850, 550 and 250 hPa (Fig.5a2-e2), the
results are also generally consistent with those in
Fig.5a-e. The difference was as follows: at the 850 and
550 hPa levels, the GP of ωqv at each dBZ range was
higher than the corresponding GP of ω at each dBZ
range, and at the 250 hPa level, the GP of ωqv was low-
er than the GP of ω at each dBZ range.

It can be known from the above analysis that at
850 hPa and 550 hPa, the GP of ωqv at each dBZ range
was higher than those in ω and ωob; at 850 hPa, the GP
of ω within each dBZ range was generally consistent
with the GP of ωob within each dBZ range; at 550 hPa,
the GP of ω at each dBZ range was higher than those in
ωob; at 250 hPa, accompanied with the increasing dBZ,
the GPs under the three methods all increased and were
close to 100%; however, the method disclosed herein is
closest to ωwrf. Overall speaking, the higher the dBZ
was, the higher the plus-minus consistency would be.

Figure 5. ω (a-e), ωob (a1-e1), ωqv (a2-e2) GP within each dBZ range, at each time point and at 850, 550 and 250 hPa levels. Units:
%.
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3.2 Absolute error assessment
The conclusion of plus-minus consistency provided

in Section 3.1 indicates that the diagnosed upward and
downward movement by the method disclosed herein
were well consistent with that diagnosed by WRF, and
that the method disclosed herein was remarkably better
than the ωqv and ωob methods at the high level. However,
in investigating the vertical movement, both its direction
and the intensity of the upward and downward move-
ment should be considered. Therefore, the assessment
on plus-minus consistency was not adequate to demon-
strate that the method disclosed herein on the calcula-
tion of vertical velocity was more effective, and the dif-
ferences between values of ω and ωwrf should also be
considered. The specific assessment strategies were
shown below:

(1) Since significant differences exist between the
intensity of vertical movement of the convective and
non-convective zone, similar to the plus-minus consis-
tency assessment in Section 3.1, the dividing of the re-
gion according to the intensity of dBZ was also required
in this section;

(2) Solve the individual average upward and down-
ward velocity at each level within each dBZ interval,
divide the atmosphere into three levels, i. e., the high,
middle, and low levels, and calculate the average down-
ward (upward) velocity at these three levels and within
each dBZ range. Specifically, the atmosphere is divided
as follows: with a 50 hPa interval, there are totally 14
levels from 850 hPa to 200 hPa (due to the terrain in-
fluence at the low level, there were many default val-
ues, and therefore, the lowest level was set to be at 850

hPa). The average vertical velocity at 850-650 hPa is la-
beled as ave_L, that of at 600-400 hPa as ave_M, and
that of at 350-200 hPa as ave_H; for any dBZ interval,
the average downward (upward) velocity within a de-
fined region of the dBZ interval is calculated at each of
the low, middle, and high levels.

Respectively, label the average vertical velocities
within a defined region of any dBZ interval at the high,
middle and low levels, which are determined by taking
ω and ωwrf into steps (1) and (2), as ave_H_ω, ave_M_ω
and ave_L_ω; ave_H_ωwrf, ave_M_ωwrf and ave_L_ωwrf.
Therefore, the absolute errors at the high, middle, and
low levels are respectively:

abserr_H=ave_H_ω- ave_H_ωwrf;
abserr_M= ave_M_ω- ave_M_ωwrf;
abserr_L= ave_L_ω- ave_L_ωwrf.
The absolute errors of ωqv, ωob and ωwrf were also

labeled in the similar manner.
At the low level and within the (0, 10] dBZ inter-

val (Fig. 6a), the ave_L_ω and ave_L_ωwrf were relative-
ly close to each other, and the abserr_L were mostly 0
with the values thereof fluctuated within 0-0.25 Pa/s.
Within (10, 20] and (20, 30] dBZ intervals (Fig.6b-c),
the ave_L_ω and ave_L_ωwrf exhibited little difference
between the duo, the abserr_L was fluctuated around
0.5 Pa/s, and the average value of the updraft was ap-
proximately -2 Pa/s. Corresponding to the increasing of
dBZ (Fig.6d), the absolute values of ave_L_ω and
ave_L_ωwrf also slightly increased, the abserr_L was
fluctuated around 1 Pa/s, and the upward velocity was
increasing from 2 Pa/s to approximately 3 Pa/s; when
dBZ>=40 (Fig.6e), the values of ave_L_ω and

Figure 6. The average upward velocities of ω (dot-dash line) and ωwrf (dotted line) at each time point within dBZ intervals at the
low (a to e), middle (a1 to e1), and high (a2 to e2) levels, and the absolute errors (solid line) between the two. Units: Pa s-1.
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ave_L_ωwrf exhibited a significant increase (approxi-
mately -7.5 Pa/s); nevertheless, the two were still re-
markably close to each other, with the abserr_L fluctu-
ated around 2 Pa/s. In general, the higher the dBZ was,
the larger the absolute error caused by upward move-
ment was, though the relative error exhibited less in-
crease.

At the middle level, as shown in Fig.6a1-e1, at
each dBZ interval, the fluctuation range and the change
trends of ave_M_ω, ave_M_ωwrf and abserr_M were
generally the same as those of shown in Fig.6a-e. The
difference was as follows. The absolute value of
ave_M_ω was larger than ave_M_ωwrf, the abserr_M
was fluctuated within the range of 0 to -0.5 Pa/s (Fig.
6a1-d1), and when dBZ>=40, the abserr_M was fluctu-
ated around 2 Pa/s. However, the smallest absolute error
fell into the (30,40] dBZ interval.

At the high level, as shown in Fig.6a2-e2, within
the (0,20] dBZ interval, the absolute error was almost 0
and gradually increased as dBZ went above 20.

The analysis above suggests as follows. For the up-
draft, at the low, middle, and high levels and within
each dBZ interval, the values of ω and ωwrf exhibited
good consistency, and the following can be observed.
Within each dBZ interval, the absolute value of ω was
slightly smaller than the absolute value of ωwrf at the low
and high levels; the absolute value of ω was slightly
larger than the absolute value of ωwrf at the middle level.
In general, the absolute error was small within the
(0,20] dBZ interval, and the absolute error was relative-
ly large when dBZ went above 40, though the relative
error exhibited less change.

The same calculation was done to obtain the fol-
lowing: in the case of the downdraft (figure not shown),
at low, middle and high levels, the values of ω and ωwrf

also exhibited good consistency, and it can also be ob-
served that: within each dBZ interval, the ω was slightly
smaller than ωwrf at the low level; the ω was slightly
larger than ωwrf at the middle level.

The results of aforementioned plus-minus consis-
tency and absolute error assessments suggest that the
vertical velocity ω, calculated by the method disclosed
herein and the vertical velocity ωwrf output by WRF, ex-
hibited good consistency in terms of upward/downward
movement consistency and vertical movement intensity.

To further assess the method disclosed herein, ω,
ωob, ωqv and ωwrf were separately subjected to the above
assessment steps to obtain the absolute errors of average
upward vertical velocities of ω, ωob, ωqv and ωwrf at each
of the low, middle, and high levels in the defined region
of any dBZ interval. By examining three types of abso-
lute error, we are able to determine pros and cons of
each method.

At the low level, it was shown in Fig.7a-e that ex-
cept for the (0,10] dBZ, the absolute errors of the
ave_L_ω, ave_L_ωob with respect to the ave_L_ωwrf were
generally overlapped and were above 0; the absolute
value of absolute error between ave_L_ωqv and
ave_L_ωwrf was significantly larger than the other two
absolute errors and the absolute error was generally be-
low 0; it was obvious that the absolute error of the ver-
tical velocity at the low level calculated through the wet
Q-vector was the largest.

At the middle level, as shown in Fig.7a1-e1, on av-

Figure 7. The average absolute errors of ω (solid line), ωqv (dot-dash line) and ωob (dotted line) with respect to ωwrf at each time
point within dBZ intervals at low (a-e), middle (a1-e1) and high (a2-e2) levels. Units: Pa s-1.
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erage the three types of absolute errors were no longer
overlapped, the absolute errors of ave_M_ωqv and
ave_M_ω with respect to ave_M_ωwrf exhibited little dif-
ference within the (0,30] dBZ interval, the absolute er-
ror between ave_M_ω and ave_M_ωwrf was closest to 0
within the (30,40] dBZ interval, and within the range of
over 40 dBZ, the absolute error between ave_M_ωqv and
ave_M_ωwrf was the largest, and the absolute error be-
tween ave_M_ωob and ave_M_ωwrf was the smallest. In
general, the vertical velocity obtained from the method
disclosed herein was the most effective at the middle
level.

At the high level, as shown in Fig.7a2-e2, the ab-
solute error between ave_H_ωqv and ave_H_ωwrf was
larger than the absolute errors of ave_H_ω and
ave_H_ωob with respect to ave_H_ωwrf, the absolute er-
rors of ave_H_ω and ave_H_ωob with respect to
ave_H_ωwrf exhibited little difference; within the region
where dBZ was relatively weak such as within the
[0,20] dBZ range, the absolute error between ave_H_ω
and ave_H_ωwrf was smaller than the absolute error be-
tween ave_H_ωob and ave_H_ωwrf, and vice versa when
dBZ>=20. It was obvious that the method disclosed
herein was also better than the wet Q-vector method at
the high level, and was equally good as compared to the
O'Brien method, whereas when it was above (20,40]
dBZ, the O'Brien method was slightly better than the
method disclosed herein.

It can be inferred from the above analysis that at
the low level, the upward velocity values of ω and ωob

were generally equal; moreover, the velocity value of ω
was closer to ωwrf as compared ωqv. At the middle level,

as compared to ωob and ωqv, ω was closer to ωwrf within
each dBZ interval; at the high level, as compared to ωqv,
ω was closer to ωwrf within each dBZ interval; As com-
pared to ωob, except for that ω was closer to ωwrf within
the 0-10 dBZ range and the 10-20 dBZ range, as the
dBZ increased, ωob was slightly better than ω.

With the same type of assessment performed on
the downdraft (figure not shown), it is indicated that the
results of downdraft were generally consistent with that
of the updraft.
3.3 All-level comparison

Figure 8 showed the average vertical profile of the
average upward and downward vertical velocities within
varying dBZ intervals from 0000 UTC 19 June to 1200
UTC 20 June 2010. The data shown in the figure exhib-
ited good consistency with the above analysis.

As shown in Fig.8, at 650-850 hPa, ω and ωob were
generally overlapped regardless of either updraft or
downdraft, and were closer to ωwrf with respect to ωqv;
the intensity of ω and ωob were weaker than that of ωwrf,
whereas the intensity of ωqv was remarkably stronger
than that of ωwrf; at 350-650 hPa, in the case of down-
draft, the intensity of ω, ωob and ωqv were all stronger
than that of ωwrf; in addition, ω was closest to ωwrf, and
ωob was farthest away from ωwrf, with ωqv lying some-
where in between; as for the updraft, at dBZ<40, the in-
tensity of ωqv was weaker than ωwrf, and the intensity of
ω and ωob were both stronger than ωwrf; with respect to
ωob, ω was closer to ωwrf, and ωqv and ωob were similar;
when dBZ is >=40, the intensity of ω, ωob and ωqv were
all weaker than ωwrf; meanwhile, ω and ωob were gener-
ally overlapped, and were closer to ωwrf with respect to

Figure 8. The average vertical profile of the average upward (a-e) and downward (a1-e1) velocities from 0000 UTC 19 June to
1200 UTC 20 June (Unit: Pa s-1) ω (solid circle connected by solid lines), ωob (solid rectangle connected by dashed lines), ωqv (hol-
low diamond connected by dotted lines) and ωwrf (hollow triangle connected by dot-dash lines).
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ωqv; at 200-350 hPa, regarding the updraft, ωqv was far
away from ωwrf, and ωobwas closer to ωwrf with respect to
ω; regarding the downdraft, ωob was far away from ωwrf,
and ω was closer to ωwrf with respect to ωqv.

The ωqv was significantly stronger than ωwrf at the
low level and was expressively weaker than ωwrf at the
high level possibly due to the result that ωqv weighs
more on the influence of water vapor. The vertical ve-
locities obtained from each method individually exhibit-
ed relatively small error at the middle level; for the
downward velocity, the error reached its peak at above
300 hPa. However, for the upward velocity, ωqv had the
largest error at above 300 hPa.

4 CONCLUSIONS

This article has provided a new method to obtain
the Poisson's equation of the vertical shear and vertical
velocity of the environmental wind from the continuity
equations in a p coordinate system. The vertical velocity
can be calculated by solving this Poisson's equation.

Furthermore, we compared the vertical velocity us-
ing the present method, with solutions from commonly
used O'Brien method, ageostrophic wet Q-vector
method, and the numerical simulation using WRF
non-hydrostatic equilibrium mode (a MCC occurred
from 0000 UTC 19 June to 1200 UTC 20 June 2010),
and the following conclusions can be drawn from our
work:

(1) The relationship between the horizontal vortici-
ty and the vertical movement: when ω is in a fluctuating
state, the vorticity of horizontal vorticity is proportional
to -ω. The updraft occurs when the vector of horizontal
vorticity rotates counterclockwise, and the downdraft
occurs when the said vector rotates clockwise.

(2) Using the vertical velocity from WRF model as
reference and the calculations from O'Brien method and
ageostrophic wet Q-vector method for comparison, we
discovered that, overall, the present method is better
than the other two in terms of the direction consistency,
the absolute error, and the vertical profile of velocity. In
general, better direction consistency can be achieved at
a larger dBZ. As for the absolute error, all the three
methods exhibit relatively large absolute errors at dBZ
greater than 40, with the disclosed calculation method
demonstrating a slightly better direction of the vertical
velocity. It needs to be noticed that there is a certain
level of error in terms of the numerical value of the ver-
tical velocity for strong convection that is greater than
40 dBZ. However, the scale of dBZ shows little impact
on the relative errors.

(3) The relationship between the horizontal vortici-
ty and the vertical velocity remains when the vertical
velocity reaches 101 m/s. It shows that the method dis-
closed herein can explain some mesoscale phenomena
of vertical velocity within the range of 101 m/s.
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