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THE SEMI-GEOSTROPHIC ADAPTATION PROCESSWITH TWO-LAYER
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ABSTRACT: In this paper, the adaptation process in low latitude atmosphere is discussed by means of a
two-layer baroclinic model on the equator b plane, showing that the adaptation processin low latitude is mainly
dominated by the internal inertial gravity waves. The initial ageostrophic energy is dispersed by the internal
inertial gravity waves, and as a result, the geostrophic motion is obtained in zonal direction while the ageostro-
phic motion maintains in meridional direction, which can be called semi-geostrophic balance in barotropic
model as well as semi-thermal-wind balance in baroclinic model. The vertical motion is determined both by the
distribution of the initial vertical motion and that of the initial vertical motion tendency, but it is unrelated to
the initial potential vorticity. Finally, the motion tends to be horizontal. The discussion of the physical mecha-
nism of the semi-thermal-wind balance in low latitude atmosphere shows that the achievement of the
semi-thermal-wind balance is due to the adjustment between the stream field and the temperature field through
the horizontal convergence and divergence which is related to the vertical motion excited by the internal inertial
gravity waves. The terminal adaptation state obtained shows that the adaptation direction between the mean
temperature field and the shear flow field is determined by the ratio of the scale of the initial ageostrophic dis-
turbance to the scale of one character scale related to the baroclinic Rossby radius of deformation. The shear
stream field adapts to the mean temperature field when the ratio is greater than 1, and the mean temperature
field adapts to the shear stream field when the ratio is smaller than 1.
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1 INTRODUCTION

The idea of geostrophic adaptation process was first introduced by Rossby (1937; 1938).
Later, with further study by Oboukhov (1949), Yeh (1957) and Zeng (1963) et d., the physica
mechanism of geostrophic adaptation process in high-middle latitude atmosphere has been known
clearly. In the study of barotropic model adaptation process in low latitude atmosphere, Chao
(1996) and Lin and Chao (1997) presented the concept of semi-geostrophic adaptation, and pointed
out that the ageostrophic atmospheric or oceanic disturbance in low latitude can reach zonal or
meridiona semi-geostrophic state through the semi-geostrophic adaptation process. Liu and Chao
(1997) discussed the physica mechanism and the scale analysis of semi-geostrophic adaptation
process in low latitude atmosphere using barotropic model. This paper will discuss the
semi-geostrophic adaptation process in low latitude atmosphere using baroclinic model, especially
the physical mechanism and the role of vertical motion in semi-geostrophic adaptation process.
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2 TROPICAL 2-LAYER BAROCLINIC MODEL AND EIGENFUNCTIONS

The linearized governing equations on the equator b plane can be written as

i

— - byv+—=0
' It W fix
‘111" +111_f -
| t y
i 1)
T E + ﬂ + ﬂ_W
ix Ty 9z
| f
1 (ﬂ—) +N?*w=0
KR
w, =0 Where U, Vv and W arethe veloc-
ity components in the eastward, northward and
————————————————————————— Us,Vs,f5 upward directions respectively. f = pd/r,, p¢
is the pressure perturbation against static pres-
W sure, I, is density of static ar. N is the
“““““““““““““ u,vy,f brunt-vaisald frequency. d=1 which is used to
w.=0 describe the semi-geostrophic adaptation process

Fig.1 The schematic diagram of two-layer model

means zonal momentum equation does not satisfy
the semi-geostrophic balance; while d=0 which is

used to describe the terminal adaptation state means zonal momentum equation satisfies the

semi-geostrophic balance.

Using a two-layer model (Fig.1), we put dynamical equations and mass continuity equation
on the first and the third levels, and put thermodynamic equation on the second layer, and substitute
vertical differential by vertical difference. The vertical motion vanishes at the top and bottom.
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It should be noted that the boundary conditions W, = W,

tion. By setting
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Tu,
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=0 have been used in continuity equa-
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then we can use (Ug, V,) to describe the vertical shear stream field, i.e. baroclinic stream field,

and use f 5 to describe the vertical shear pressure disturbance field corresponding with thickness

field or mean temperature field. Thus, Eq.(2) can be rewritten as
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Utilizing the last two equations of Eq.(4) to eiminate W, , we can obtain
I qu af
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where

c2 =2(Dz)2N? (6)

where C, is the characteristic velocity of internal inertial gravity waves. Therefore we get the
equations which are formally the same as the barotropic model. By eliminating fs, U, from Eq.(5)

we have
|.Vs=0 (7)
where
2 2 2
—ﬁ[ ﬂT-q( e %Hbzyzl-bﬁ% ®
If we set
=V, (y)e'® (9)

where k is the wave number in X direction, w is angular frequency, Eq.(8) can be converted
into
dds . bk w? b2y?
e B g P =
dy? w of c

In order to solve Eq.(10), we introduce the low latitude baroclinic Rossby radius
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L, = — 11
1 =12 (11)
and set
1
y= |—1Y1 k =Tk1 W = 2bC1W1 = 2bL1W1 (12)
1
wherey,, kiand W, denote dimensionless quantitiesof y, kand W respectively. Eq.(10) isthen
converted into
Ve 1 1ML g2 @)- LyEvg=o
dy2 2 Wy 1 1 4 11Vs (13)
When Eq.(13) satisfies
Vs |y1® y <¥ (14)
itseigenvalues are
k
-1—2+d(wf- kf)=m+1 (15)
2w, 2
and the corresponding eigenfunctions are the Weber Functions
m 1 m b >
5 ok Yiy_ o242 Y1
Vi(Y)=Dp(y)=22e* H, (=2)=272e™ H (%)
' J2 J2L, (16)
m=012,...

where Hy, and Dy, are Hermit polynomial and Weber function respectively.
The waves presented by Eq.(15) are mainly internal inertial gravity waves (contains mixed

Rosshy gravity waves or Yana waves), baroclinic Rossby waves and Kelvin waves. Omitting
Wf from Eq.(15) yields that the angular frequency W, of low latitude baroclinic Rossby waves

satisfies
w, =- ﬁlzmu m=012,.. (17)
Itsdimensional formis
w=- bk m=0,1,2,... (18)

dk?® + (2m+1)B
c

1

Taking d = 0, we can reduce Egs.(17) and (18) to

w=-—5% _ m=o012.. (19)
(2m+1)
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ke,
(2m+1)

respectively, which are the dimensionless and the dimensional angular frequencies of baroclinic
Rosshy waves with the semi-geostrophic approximation (or long wave approximation ). Further-
more, If taking m = -1, Egs.(19) and (20) are respectively degenerated into

w, =k, (21)

w =kc, (22)
which are the dimensionless and the dimensional angular frequency of baroclinic Kelvin waves
(requires v=0) in low latitude atmosphere.

Basing on the above analysis, we know that the evolution process in low latitude baroclinic
atmosphere is mainly governed by baroclinic Kelvin waves and baroclinic long Rossby waves
while the adaptation process is mainly dominated by internal inertial gravity waves, and the dis-
persion of inertia-interna gravity waves excited by initial semi-geostrophic disturbance leads to
the establishment of the semi-geostrophic balance. Therefore, when we analyze the baroclinic ad-
aptation processin low latitude atmosphere we can disregard the last term containing b on the right
hand side of Eq.(8), namely neglect the differential of by with respect to y. Thus, the baroclinic
Kelvin waves and baroclinic ultra long Rosshy waves won't exist in semi-geostrophic adaptation
process.

m=0,1,2,... (20)

3 SOLUTION OF THE ADAPTATION EQUATION

Disregarding the change of by with y and using the third equation of Eq.(5), the first two equa-
tions of Eq.(5) can be converted into the following shear potentia vorticity equation set

19 _
—=0
it (23)
where
five  Tvg, by
X, :d—-—-—fs 24
ax, y) =( x Ty e (24)

is known as the baroclinic shear potential vorticity which is an invariant in time of
semi-geostrophic adaptation in low latitude two-layer baroclinic model and depends completely on
itsinitial value. Assuming that the initial valuesof Ug, v, andfsare Uy, V,, andf« respec-
tively and owing to the initia state of adaptation process is ageostrophic, d=1, hence
TIVsO TIusO by
v -— T
x My c

Utilizing Eq.(7) to solve the adaptation equation, and considering the adaptation equationis a
fast development process, we neglect the last term on the right hand side of Eq.(7), namely, change
Lintol®

a(x, y) =dy(x, y) ° (25)
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Integrating Eq.(7) with respect to time, we obtain

1-[2
+ﬂ—y2) +b?y?] (26)
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Noting that when d=1, eliminating f s by the %cond and the third equation of Eq.(5), and using the
first one of Eq.(5), we get

T°v ¢ v, Tu, ., TPu 2 s, e Tu
S _ =-Db S +¢C S = 29
O IR TR w Spay &P
Therefore, Eq.(28) can be written as
F(xy)=c’—2 19, (30)

If theinitial valuesof Vv, areregarded as F (X, y), Y (X, y), then the definite problem of the

semi-geostrophic adaptation process (so called the semi-therma wind adaptation process) in low
|atitude baroclinic two-layer model can be written as

RIRY 2 v +ﬂ2V +bh2v2y =
¥ = S )+ by v, = F(X,
P SO oY Ry .

%Vs l=o=F (X, y) ML:O: Y (X, Y)

For the corresponding eigenfunctions of the above equationare D (y,) = D(Ll) if F=0,

then we assume
¥
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Substituting Eq.(32) into Eq.(31), and noticing that
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Whose solutions are
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x+ ct
LA V9 T U2 o226 - 2 ax
2 Q 0
C1 Mt
,/ 2m+2Dbc; X+t 1/
. N(@m*Dbey 2) 1tQ F m(x) = m+1/ ‘/22 (x - )2 )
- ot ‘/CftZ - (x - x)
1 Jatt) iz
P2 Fn()Jo (2 et 2 (x - 502 ket
2e1 W a(t-t) ! (36)

where J, and J; are the zero-order and the first-order Bessal Functions respectively. Obvioudly, If
Fm, Ymare not zero in finite domain, or If [X/® ¥, Fhand Y »,® O, then when t is large enough

Eq.(36) can be simplified into
1 \/ [
vsm(x,t)—z—‘:lm( (X )J L - (X - x) dxdt

Therefore, we have
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Whentislarge enough, it is clear that
\Y
W 0
it
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which achieves the baroclinic semi-geostrophic balance, i.e. semi-thermal-wind balance.

4 SOLUTION OF VERTICAL MOTION AND PHYSICAL ANALYSIS OF
SEMI-THERMAL-WIND BALANCE PROCESS

Eliminating Ug, V, andfsfrom Eq.(4), we have
1 —
LPw, =0
where
1° 7” . 7

e g gy Y

(37)

(38)

(39)

(40)

(41)

From Eq.(41) it is clear that in the two-layer baroclinic mode the vertica motion is only
governed by inertia-internal gravity waves, which was achieved through the horizontal conver-
gence and divergence. If the initia values are h(x,y) and v(x,y), then the definite problem of the

vertical velocity W, inlow latitude baroclinic two-layer model is
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Expanding W,, h, Vv inWeber function, we can obtain the solutions
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Therefore, we have
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It is obvious that in the two-layer model W, is only related to the initial vertical velo(cit3
and the initial vertical velocity tendency, but it is unrelated to the initial potential vorticity. Obvi-
oudly, If h,, V.. arenot zeroinfinitefield, or If X[® ¥, h, and VvV, ®0, thenwhentisenough
large we have W, ® 0, namely w, ® 0. Therefore, the atmosphere motion trends to be hori-
zontal.
In view of the physical factors which can cause the vertica motion, differentiating the third
equation of Eq.(4) with respect to time, and using the first two equations of Eq.(4) with d=1, we
can obtain

=2Dzby[(-—=- ) - N’ (] = 2Dzby(z, - Z ) (45)
Ty by

where

(46)

z iscalled the shear vorticity of flow field, Z4 iscaled the shear vorticity of temperature
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field. In the thermal-wind adaptation process, if the shear vorticity of temperature field is greater
iw,

than that of flow field, then <0, the atmosphere follows the sinking motion; if the shear

fiw,

vorticity of the temperature field is smaller than that of the flow field, then >0, the amos-

phere follows the lifting motion. In barotropic model, the semi-geostrophic balance is established
through the lifting and the sinking of free surface caused by the surface inertial gravity waves, or
through the convergence and divergence in the whole layer; while in baroclinic model, the estab-
lishment of semi-therma balance is due to the adjustment between the stream field and the tem-
perature field through the horizontal convergence and divergence which is related to the vertical
motion excited by the internal inertia gravity waves. Therefore, there isn't essential difference of
the role played by the vertical motion in the adaptation process between low latitude and mid-
dle-high latitude atmosphere.

5 TERMINAL ADAPTATION STATE

The terminal adaptation state must be semi-geostrophic balance with d=0, thus assuming that
theterminal stateof u,, V,andfsare Uy , Vv andf respectively, and using Eqs.(4), (24)

and (27), we have
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where the three formulas can be easily converted into
Py Ty
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Assuming that the initial ageostrophic balance condition are
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Then from Eq.(24) we obtain
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flu, by
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whichistheinitia value of geostrophic departure, and letting
Du,=uy -u, Df =f,-f, Dv,=vy-Vv,=V (52)
Thus, Eq.(48) can be converted into
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In order to elucidate the tendency of the adaptation process, we rewrite EQ.(48) as
i £ 7
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This initial condition implies that: in the point (x, y) = (0, 0), the maximum of Uy, andfg

are Uy and F g respectively; in the point (X, y) :(\/ELX,\/ELy),thevaIueof U, andfgparee’
times of their directions respectively; and when x® ¥ and y® ¥, U, ® ¥ and f o® ¥. Further-

more, the initial semi-ageostrophic balance needs bu,, * —-F . Substituting Eq.(54) into

Eq.(53) we get
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In order to solve Eq.(55), we expand DU, DV, Df sin Weber function, namely, set

XZ

(D). (D), (BF 1)) = & [(Du,) = (DV,), (DF ) Je D, (5)  (59)

1

Then substituting Eq.(56) into Eq.(55), and utilizing Eq.(34), we have
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which are the expanding formulas in Weber function, applying the orthogondity of Weber function
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from Eq.(55) we can obtain
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we have
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Applying the following recursive relation formula of Hermite function in the first equation of
Eq.(62)

¥ 2
2 \ - II
ye y HI(

2XH (%) = H oy (%) + 2mH 1 (X) (63)
we obtain
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For the parity of function Dy, is agree with the parity of m we can infer from Eq.(59) that
(Dus)2n+1 = O (DVS)Zn = O (Df s)2n+1 = O (65)
Therefore, Eq.(62) can be rewritten as
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By using
Q Ve ¥ Hop(@)dy =¥p E D - gy (67)
we can obtain the integral of Eq.(66)
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Finaly utilizing Egs.(68), (58) and (67), we obtain the integrals of Eq.(57)
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From Eq.(70), it is clear that(Duy),,,(DV,),,.; and (Df .),, tend to be zero quickly
with the increasing of n, hence, it can reflect the variety of U_, V. and fs between the initial ad-
aptation state and the terminal adaptation state when asmall n istaken.

The second formula of Eq.(70) shows that although the initial value V= 0, the terminal ad-
aptation state of v, isn't zero in the meridional shear field. From the second equation of Eq.(48),

thisis known to be caused by being nonzero of theinitial baroclinic shear potentia vorticity, which
satisfies the governing condition of baroclinic shear potentia vorticity conservation.
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Comparing the first equation with the third one of Eq.(70), we can see clearly that when
L,<~+/2L,;, namely, nx0, the variation of (Du,), isvery smal comparing with that of (Df |),,

the mean temperature field adapts to the shear stream field; when L,> \/§L1, namely, m> 0, the
variation of (Df ), is very small comparing with that of (Duy), , the shear stream field adapts
to the mean temperature field.

6 CONCLUSIONS

From the analysis of the waves in low latitude baroclinic atmosphere, we can infer that the
adaptation process in low latitude baroclinic atmosphere is mainly dominated by the internal iner-
tial gravity waves. The initial semi-geostrophic disturbance is dispersed by inertia-internal gravity
waves, which finaly leads to the establishment of geostrophic balance in zonal direction, (the
semi-geostrophic balance). In barotropic model, the adaptation process in low latitude amosphere
is mainly dominated by interna inertial gravity waves, the semi-geostrophic balance is achieved
through the lifting and the sinking of free surface caused by the outer inertial gravity waves, or
through the molar convergence and divergence in whole layer; while in baroclinic modd, the es-
tablishment of semi-thermal balance is due to the adjustment between the stream field and the
temperature field through the horizontal convergence and divergence which is related to the verti-
cal motion excited by the internal inertial gravity waves. The vertical motion which is related to the
internal inertial gravity waves is determined both by the distribution of the initial vertical motion
and that of the initia vertical motion tendency, but it is unrelated to the initial potentia vorticity.
Finally, the semi-geostrophic adaptation makes the vertical motion horizontal.

The discussion of the termina adaptation state shows that the adaptation direction between
the mean temperature field and the shear flow field is determined by the ratio of the scale of the
initial ageostrophic disturbance to the scale of one character scale related to the baroclinic Rossby
radius of deformation. The shear stream field adapts to the mean temperature field when theratio is
greater than 1, and the mean temperature field adapts to the shear stream field when the ratio is
smaller than 1.
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