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ABSTRACT: The equations of barotropic model are used to discuss the effects of diabatic factors such as heat-
ing of convective condensation, evaporation-wind feedback and CISK on the Rossby wave and the Kelvin wave. 
In low latitudes we have obtained the angular frequency and analyzed the period and stability of waves. The 
result shows the existence of the diabatic factors not only enlarges the period of adiabatic waves but also 
changes the stability of waves. Thus we think that the so-called intraseasonal oscillation and some other 
low-frequency oscillations are a kind of diabatic waves which are important factors producing the long-term 
weather changes and short-term climatic evolution. 
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1  INTRODUCTION  

 The 30-60 day low-frequency oscillations in the atmosphere have close relations with the 
long-term weather changes and the short-term climatic abnormality, so the low-frequency oscilla-
tions are important exploring field in atmospheric science research. 

 Early in the 1970s, Madden and Julian (1971) firstly found that there are 40-50 day 
low-frequency oscillations between the tropical atmospheric zonal wind field and surface pressure 
field by the spectrum analysis of ten years (1957-1967) in Canton Island. Then they (1972) con-
firmed not only the 40-50 day low-frequency oscillation which occur at all the tropical zones 
propagate eastward with the zonal wave-number being one but also the oscillations which have 
relations with the moving Walker circulation originate in from tropic Indian Ocean and Western 
pacific Ocean. Hereafter, Yasunari (1979,1980) pointed out that the cloud amount of Indian mon-
soon region has 30-40 day periodic variation on the base of the analysis of satellite cloud pictures. 
Krishnamurti (1982) analyzed MONEX’s data and verified that the monsoon through activities 
over South Asia have the 30-50 day oscillation with slow northward propagating. Murakami’s re-
searches (1984,1985) revealed that the characters of eastward and northward propagating exist in 
the intraseasonal disturbance wind field and the pressure field. After a lot of low-frequency oscil-
lations in the tropical atmosphere were found, meteorologists in succession discovered there are the 
30-60 day in jet stream, polar vortex, subtropical high temperature and rainfall amount (and so on) 
in middle and high latitudes. As was pointed out by Krishnamurti (1985), the 30-60 day 
low-frequency oscillation is a kind of global atmospheric phenomenon. 
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 In order to understand the rule and mechanism, meteorological researchers were widely en-
gaged in dynamical researches of low-frequency oscillation. Analyzing the effects of the heating of 
condensation caused by the conditional instability on low latitudes atmospheric wave motion, Ya-
masaki (1969) and Hayashi (1970) pointed out that the wave motion can cause CISK mechanism 
as Ekman pumping. Then Lindzin (1974) concluded these researches with the wave-CISK theory 
and introduced it into the Ekman-CISK theory proposed by Charney (1964) and so on. Li (1983, 
1985), Hayashi (1986), Lau (1987), Miyakara (1987), Chang (1988) and Liu (1990) further ana-
lyzed the effects of the wave-CISK on the low-frequency oscillation with theories and numerical 
models. In low latitudes zone, the massive oceanic bodies make evaporation and rainfall abundant, 
so on the base of interaction between SST, evaporation and atmosphere motions. Emanuel (1987) 
and Neelin (1987) simultaneously proposed the evaporation-wind feedback theory of atmospheric 
low-frequency oscillation. Then the evaporation-SST feedback theory was given by Lau (1988) 
and so on. Later, the joint effects of SST, evaporation-wind feedback (or wave-CISK) and evapo-
ration-wind feedback on the low-frequency oscillation were explored in theories by Liu (1993), Li 
(1993), Zhao (1996) and so on. 

 As a whole, the dynamic mechanics of low-frequency oscillation can be concluded that the 
atmospheric response to the various heat sources (sea temperature, heating of condensation, 
wave-CISK, evaporation-wind feedback and so on). In essence, low-frequency oscillations are a 
kind of diabatic waves caused by diabatic factors. If the adiabatic waves, especially Rossby waves, 
are the important factors causing short-term weather changes (the period of Rossby wave is about 
a week), we think that diabatic waves, especially the diabatic Rossby wave and diabatic Kelvin 
waves, are the important factors causing the middle-term and long-term weather changes. 

 In this paper, the diabatic waves caused by diabatic factors such as the heating of convective 
condensation, evaporation-wind feedback and CISK are analyzed. 

2  BASIC EQUATIONS 

 The equations of linear barotropic model including diabatic factors are               
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where t is time, x and y represent east-west direction and south-north direction (the eastward and 
northward directions are positive), respectively, u and v represent zonal and meridional wind 
speeds, respectively, f is the Coriolis parameter, ф=gh represents gravitational potential of free 
surface Z=h(x,y,t), and let  

                  hHh ′+=                            (2)   
where H represents the height of stationary free surface, h is the deviation to H, and so                         

                           ,0 ghc =       hg ′=Φ′                  (3) 
In Eq.(1),Q is the diabatic heating rate or mass transferring rate, δ is the filter parameter. For 
the wave-length of diabatic wave is very long in x direction, δ can be taken as 0 which the 
long-wave approximation. It can not only filter the high –frequency inertial gravitational wave but 
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also keep the Rossby wave or Kelvin wave with long wave-length.  
 Three kinds of diabatic factors are discussed as follows:  

2.1 The heating of convective condensation  

If there is lots of vapor in the inferior atmospheric layer, the lifting caused by the inferior at-
mospheric horizontal convergence make vapor saturating then heating atmosphere. On this condi-
tion, we designate  
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where γ  is a constant. In fact, there is so much seawater in oceans that the rise of SST makes 

seawater vaporize. From the point of view, Q 1  reflects the response of atmosphere to SST and the 
response in just evaporation-SST feedback process. In Eq.(4), γ  represents non-dimensional pa-
rameter having relation with SST. But because the variation of SST is so slow comparing with at-
mospheric mechanical quantities that γ  can be as a constant.  

 Substituting Eq.(4) into Eq.(1), when δ =0 we obtain                                                           
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where 
2
0

2
0

2*
0 )1( ccc <−= γ                         (6) 

Thus, this kind of heating can be taken as diabatic heating with 
2

0c  changing into smaller 
2*

0c . 

 By the method of elimination, from Eq.(5) we obtain  
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In middle and high latitudes, 0ff = . In low latitudes, yf 0β=  ( 0β  is Rossby parame-

ter). 

2.2 The evaporation-wind feedback  

 Wind speed (mainly zonal wind speed especially in low latitudes) makes seawater evaporate 
as vapor, which enters into atmosphere and the released latent heat caused by vapor condensation 
warms up atmosphere and this process is the so-called evaporation-wind feedback. On this condi-
tion Q can be represented as                  

λ−=2Q uc α2
0                           (9) 
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where λ  is a positive constant having relations with the atmospheric density and the vapor den-
sity, uα−  represents evaporation rate, α is a non-dimensional parameter, and when u>0 (west 
wind), α  <0; when u<0 (east wind), α >0. 

 In general, for only evaporation-wind feedback can’t produce low-frequency motions, the 
evaporation-SST feedback mechanism must be included. When δ =0, Eq.(1) becomes  
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Using the method of elimination, Eq.(10) can be rewritten as  

￡ 02 =v                             (11) 
where 
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In Eq.(12), f= 0f  in middle and high latitudes and f= y0β  in low latitudes. 

2.3 The CISK mechanism  

 Because for the action of the turbulent friction in the boundary layer, A lot of moist air, which 
converges and lifts to make cumulus convectively develop. Especially in low latitudes, a lot of cu-
mulonimbus masses caused by the released latent heat of condensation makes atmosphere warmer 
and strengthens the disturbance. Simultaneously upper atmospheric horizontal divergence makes 
surface pressure descend and strengthens cyclonic circulation. The whole process is named ‘CISK’. 
On this condition Q can be expressed as  
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where Bw  if the vertical speed of the top of boundary layer, Eh  the standard height of Ekman, 

x
v

g ∂
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=ζ  represents relative vertical vorticity, 1η  is a constant,  
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non- dimensional parameter which represents the CISK mechanism. Only when Bw  or 0>
∂
∂
x
v

, 

η  can be a non-zero number. Thus, the equations of barotropic model including the CISK mecha-
nism are written as  
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Using the method of elimination, Eq.(14) becomes  
￡ 03 =v                            (15) 

where 
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In middle and high latitudes, 0ff = ; In low latitudes, yf 0β= ; 

 Next, we should put emphasis on the analysis of the barotropic diabatic wave in low latitudes. 

3 THE DIABATIC WAVES CAUSED BY THE HEATING OF CONVECTIVE CON-
DENSATION  

 From Eqs.(7) and (8), the diabatic equation caused by the heating of convective condensation 
in middle and high latitudes are expressed as             
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Using the homogeneous boundary condition of y direction in middle and high latitudes, the solution 
of Eq.(17) is expressed as           

)( tlykxieVv ω−+=                           (18) 
where V  is the amplitude, k and l represent the wave-numbers in x direction and y direction re-
spectively; ω  is the angular frequency. 

Substituting Eqs.(18) into (17) and the angular frequency is given by      
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Clearly, Eq.(19) represents the angular frequency of the long Rossby wave caused by the heating 
of barotropic convective condensation in middle and high latitudes, but the angular frequency of 
long Rossby wave which there is no convective condensation is  
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Because 
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0 λλ > . Thus, 0ωω < . So the diabatic Rossby wave caused by the heating of 

convective condensation is low-frequency wave with reference to the adiabatic wave. 
 From Eqs.(7) and (8) we see also that the diabatic wave equation caused by the heating of 

convective condensation in low latitudes is expressed as  
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where the boundary condition is  
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If we designate the solution of Eq.(22) by             
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Substituting Eq.(24) into Eqs.(22) and (23) yields  
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which is the eigenvalue problem of Weber equation in the form of  
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Satisfying the boundary condition 0→w  at ±∞→x , The eigenvalue and eigenvalue function 
of Eq.(26) are written as           
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Where )(xH m is the m-order Hermite polynomial. Thus, the solution to Eq.(25) is          
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Clearly, Eq.(28) represents the angular frequency of ling Rossby wave caused by the heating 
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of barotropic convective condensation in low latitudes. But on this adiabatic condition, the angular 
frequency of barotropic long Rossby wave in low latitudes is  
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 In fact, Eq.(28) becomes (31) when 0=γ . Here, 0ωω <  (as in middle and high lati-

tudes). Thus the heating of convective condensation makes the angular frequency of Rossby wave 
descend in low latitudes. 

 Expanding Eq.(28) to m = –1, we obtain 

0
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Where ω  represents the angular frequency of Kelvin wave caused by convective condensa-
tion and its value is smaller than the angular frequency of adiabatic Kelvin wave. 

 

 

 

 

 

 

 

 

Fig.1  Variation of T with k for different T s   (a) m=1,Rossby wave,  (b) m=-1, Kelvin wave 

       1,2, 3, 4and 5 represent the curves which SST are 24.5, 23.5, 22.5, 21.5 and 20.5 

 Clearly, when 1>γ the angular frequency of Rossby wave and Kelvin wave caused by the 
heating of convective condensation is a pure imaginary, which can cause the instability of waves. If 

)( sTγγ = , the sT  meeting 0)( =sTγ  is called the critical SST. The value of sT  is 

C025 by calculation. Taking 161
0 10)2~2.0(,35 −−− ×=⋅= mksmc , when m = –1 and 1, 

CTs
025< , 30-60 day (even longer) diabatic wave is obtained and illustrated by Fig 1. 

 From the point of view of physical mechanism, the heating of convective condensation or 
evaporation-SST feedback which can cause atmospheric moisture to rise and make the atmospheric 
stratification stability descend and make the wave move slowly. Simultaneously, the effects of 1Q  
make the regulation of horizontal divergence weaker and make the wave move slowly. 

4  THE DIABATIC WAVE CAUSED BY THE HEATING OF CONVECTIVE 
CONDENSATION AND THE EVAPORATION-WIND FEEDBACK 

 From Eqs.(11) and (12), the diabatic wave caused by the heating of convective condensation 
and evaporation-wind feedback in middle and high latitudes is expressed as  
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Substituting Eq.(18) into Eq.(33) gives  
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 Thus, after introducing the evaporation-wind feedback into the heating of convective conden-
sation (or the evaporation-SST feedback), not only the angular frequency of the Rossby wave in 
middle and high latitudes begins to change but also the wave become unstable. Clearly, when 

1<γ , westerly flow (α <0) makes the wave stronger ( 0>iω ) but easterly flow (α >0) makes 

the wave weaker ( iω <0). 

 From Eqs.(11) and (12), the diabatic equation caused by evaporation-wind feedback and 
heating of convective condensation in low latitudes is expressed as        
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Substituting Eq.(24) into Eq.(36) gives       
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If we designate V  by 
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which is Weber equation in the form of Eq.(26). Thus, the eigenvalues of Eq.(39) satisfying the 
boundary condition 0→w  at ±∞→x  are  
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Using Eq.(40), we obtain 

BiA +=2ω                           (41) 
where 

  

),2,1,0(
)12(

,
)1(

)1(
)12( 2

2
0

2

22
2

2

2*
0 L=

+
=








−
+

+
+

= m
m

kc
B

mm
k

m

c
A

λα
γ

αλ

  (42)       



  LI Li-ming(李黎明), HUANG Da-chuan(黄大川) and QIAO Fang-li(乔方利) et al. 9 No.1  

And the eigenvalue functions of Eq.(39) satisfying the boundary condition 0→w  at ±∞→x  
are 
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Because V (y) must satisfy the boundary condition 0→w  at ±∞→x , we obtain 
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Substituting Eqs.(44) and (45) into Eq.(46) gives   

                      0
1

)1(1
Re <

















−

+
+ i

m
k

γ
αλ

ω
                   (47) 

Substituting Eq.(34) into Eq.(41) gives  

BA irir ==− ωωωω 2,22                   (48) 
Thus,  

            222222 (
2
1

),(
2
1

BAABAA ir −+−=−+= ωω         (49)  

  









−+

−
+

+
<

−







−+

−
+

+
=−=

2
22

2

2
0

2

2

2
22

2

2
0222

)1(
)1(

)1(
)12(

)()1(
)1(

)1(
)12(

k
mm

m

c

kk
mm

m

c
BA

γ
γ

αλ

λαγ
γ

αλ
ω

   (50) 

Substituting Eq.(34) into Eq.(47) gives  

                         0
1

)1(
<

−
+

+ ir

m
k ω

γ
λα

ω                    (51) 

Multiplying Eq.(51) with 2
2

rω  and 2
2

iω  respectively, we obtain   

[ ]







<+−+

<







++

−
+

0)())(()1(

0)Re()(
1

)1(

222

222

ωωωλαω

ωωω
γ
λα

ω

mi

mr

kIREm

kkI
m

          (52) 

Substituting Eqs.(41) and (50) into Eq.(52) gives  





−=
−−=

αω
γω

sgnsgn

)1sgn(sgn

i

r                        (53) 
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 It is see that when 1<γ , with the westerly flow ( 0<α ) the Rossby wave propagates 

westward ( 0>rω ) and strengthen ( 0>iω ); with the easterly flow ( 0<α ) the Rossby wave 

propagates westward ( 0<rω ) and weaken ( 0<iω ). When m=-1, the Kelvin wave can be ana-

lyzed like this. 
Fig 2 gives the variation of the Rossby wave 

period with different k and it shows that when 

CTs
026> , there are the low-frequency waves whose 

period is more than 30 days. 
   Thus, introducing evaporation-wind feedback 
mechanism into the heating of convective condensation 
must make the atmospheric moisture rise and make the 
wave speed slower. 

5  THE DIABATIC WAVE CAUSED   BY 
CISK MECHANISM 

 From Eqs.(15) and (16), the diabatic wave 
equation caused by the CISK mechanism in middle and high latitudes is expressed as      

0
2

2

0
2
0

2
00

2
2
0

2
02

2
2
0 =

∂
∂

+
∂
∂

−







∂

∂
++

∂
∂

−
∂
∂

x
v

fc
x
v

c
yx
v

cvf
y
v

c
t

ηβ
α

η         (54) 

Substituting Eq.(18) into Eq.(54) gives        

kll

kf

kll

k
ir

ηλ

η
ω

ηλ

β
ω

−+

−
=

−+
−=

2
0

2

2
0

2
0

0 ,               (55) 

Thus, after introducing the CISK mechanism, the angular frequency of the Rossby wave be-
gins to change and the wave become unstable in middle and high latitudes. 

 From Eqs.(15) and (16), the diabatic equation caused by the CISK mechanism in low lati-
tudes is expressed as        

          0
2

2

0
2
0

2
00

2
2
0

2
02

2
2
0 =

∂
∂

+
∂
∂

−







∂

∂
++

∂
∂

−
∂
∂

x
v

yc
x
v

c
yx
v

cvf
y
v

c
t

βηβ
α

η       (56) 

Substituting Eq.(24) into Eq.(56) gives     

           0
2

0
2
0

22
00

2

2

=







−−−−− V

yki

c

yk
dy
dV

ik
dy

Vd
ω

ηββ
ω

β
η           (57) 

If we designate V  by 







=

2
expˆ kyi

VV
η

                        (58) 

Equation Eq.(57) becomes  

               0ˆ
4

ˆ 222
0

2
0

22
00

2

2

=









+−−−+ V

kyki

c

yk

dy
Vd η

ω
ηββ

ω
β

          (59) 

If we let 
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ωβ
η

ξ
0

2
0

2

2

cki
y +=                          (60) 

Then Eq.(59) becomes    

               0ˆ
44

ˆ 22

2

2
0

42

2
0

22
00

2

2

=









+−−−+ V

kck

c

k

d
Vd η

ω
ηξβ

ω
β

ξ
           (61)  

In fact, Eq.(61) is the Weber equation in the form of Eq.(26). Thus, the eigenvalues of Eq.(61) 
satisfying the boundary condition 0→w  at ±∞→x  are   

),2,1,0(12
44

2
0

0

22

2

2
0

42
0

L=+=


















−+−

mm

c

kckk

β

η
ω

η
ω

β

       (62) 

When there is no CISK mechanism ( 0=η ), Eq.(62) becomes  

),2,1,0(
12

0 L=
+

−= m
m
kc

ω . 

The expression represents the general long Rossby waves ),2,1,0( L=m  and the long Kelvin 

wave ( m = -1). When there is the CISK mechanism ( 0≠η ), from Eq.(62) we obtain  

04
)12(4 2

0
42

0
222

2
0

=++







−

+
ckkk

L
m

ηωβωη           (63) 

thus, 









−

+









−

+
−±−

=
22

2
0

22
2
0

2
0

22
0

2
0

)12(4

)12(4
42

k
L
m

k
L
m

kckk

η

ηηββ

ω         (64) 

Because Eq.(64) must degenerate into Eq.(31) when 0=η , the ‘+’ in front of radical ex-
pression in Eq.(64)is wrong. So  









−

+









−

+
−−−

=
22

2
0

22
2
0

2
0

22
0

2
0

)12(4

)12(4
42

k
L
m

k
L
m

kckk

η

ηηββ

ω        (65) 

The eigenvalue functions of Eq.(60) satisfying the boundary condition 0→w  at ±∞→x  are  

    







−=

2
0

2

2
exp)(ˆ

L
HV m

ξ
ξ     ),2,1,0( L=m                 (66)            

Thus, 
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







+





















+








+

−=
ωβ

ηηβω
η

0

2
0

2

2
0

2

0

2
0

2

222

2
exp

cki
yH

kyi
L

cki
y

V m          (67) 

Clearly, Eq.(67) meets the condition of when y 0, →±∞→ V . Considering the ridical expres-
sion of Eq.(65)                                    

0
)12(4

4 22
2
0

2
0

4222
0 =








−

+
− k

L
m

ckk ηηβ               (68) 

The two kinds of roots must meet  

[ ]
0

2
02

1

)1(2)12(2

ck

mmm +−+
=

β
η                  (69) 

and 

[ ]
0

2
02

1

)1(2)12(2

ck

mmm +++
=

β
η                  (70) 

Considering the denominator of Eq.(67) 

                           22
2

0

)12(4
k

L

m
η−

+
                        (71) 

We obtain 

0
2

02
3

)12(4

ck

m β
η

+
=                         (72) 

Comparing 321 , ηηη and  gives 

                     2
3

2
2

2
10 ηηη <<<                         (73) 

Then Eq.(65) become 

2
3

2

2
3

222
0

2
2

00

2
3

2

2
2

22
1

2
0

0

)(
222

))((
2

ηη

ηηη
ββ

ηη

ηηηη
β

ω

−














−+






+

=

−





 −−+

=

ck
kk

c
k

        (74)                                   

 Thus we can draw the following conclusions: when 
2

3
2 ηη > , the CISK-Rossby wave 

propagate eastward and are stable; when 
2

3
22

2 ηηη << , the CISK-Rossby wave propagate 

eastward and are stable; when 
2

2
22

1 ηηη << , the CISK-Rossby wave propagate westward and 

can be unstable; when 
2

1
20 ηη << , the CISK-Rossby waves propagate westward and are sta-

ble. 
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Expanding Eq.(65) to m=-1, we obtain     

22
2

0

2
0

2
0

4222
00

4

)
4

(42

k
L

k
L

ckkk

η

ηββ

ω
+

+++

=             (75) 

Where ω  represents the angular frequency of the CISK-Kelvin waves which propagates 
eastward and is stable. Fig.3 gives the variation of periods of the CISK-Rossby wave 
( L,2,1,0=m ) and the CISK-Kelvin wave (m = –1) with different η  and shows that these 
waves can have 30-60 day (even longer) period.         

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6  REMARKS 

Considering the effects of the heating of convective condensation. When 1<γ  (equally 

CTs
025< ), the Rossby wave and the Kelvin wave are the low-frequency waves but when 

1>γ  these waves can be unstable.  
 The evaporation-wind feedback is an important factor causing the unstable low-frequency 

waves. Both considering the effects of the heating of convective condensation and the evapora-
tion-wind feedback, the Rossby wave and the Kelvin wave become unstable low-frequency waves 
and the propagating directions of these waves depend closely on the values of αγ and . 

 The CISK mechanism can produce the low-frequency waves and can cause the instability. 
The moving and stability of the waves are completely determined by the relative value of η  

which has three referring values 321 , ηηη and . When 
2

3
2 ηη > , the Rossby waves propagate 

eastward and are stable; when 
2

3
22

2 ηηη <<  and 
2

1
20 ηη << , the Rossby waves propa-

gate westward and are stable; but when 
2

2
22

1 ηηη << , the Rossby waves propagate westward 
and are unstable. The Kelvin waves merely propagate eastward and all of them are stable.       

The diabatic waves are important factors of the long-term climatic evolution.  
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